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Abstract
The density corrections, in terms of the isospin chemical potential
µI , to the mass of the pions are investigated in the framework of the
SU(2) low energy effective chiral invariant lagrangian. As a function
of temperature and µI = 0, the mass remains quite stable, starting to
grow for very high values of T , confirming previous results. However,
the dependence for a non-vanishing chemical potential turns out to be
much more dramatic. In particular, there are interesting corrections
to the mass when both effects (temperature and chemical potential)
are simultaneously present. In fact, at zero temperature the pi should
condensate when µI = m. Now, this situation changes if temper-
ature starts to grow. Indeed, for finite T (some fraction of m) the
condensates occur for new values of the chemical potential with the
opposite sign. The scenario for such kind of effects would be RHIC
Pions play a special role in the dynamics of hot hadronic matter since they
are the lightest hadrons. Therefore, it is quite important to understand not
only the temperature dependence of the pion’s Green function but also its be-
havior as function of density. The dependence of the pion mass (and width)
on temperature m(T ) has been studied in a variety of frameworks, such as
thermal QCD-Sum Rules [1], Chiral Perturbation Theory (low temperature
expansion) [2], the Linear Sigma Model [3], the Mean Field Approximation
[4], the Virial Expansion [5]. In fact the properties of pion propagation at
nite temperature have been calculated at two loops in the frame of chi-
ral perturbation theory [6]. There seems to be a reasonable agreement that
m(T ) is essentially independent of T , except possibly near the critical tem-
perature Tc where m(T ) increases with T .
Let us proceed in the frame of the SU(2) chiral perturbation theory. The
most general chiral invariant expression for a QCD-extended lagrangian, [10]
and [11] under the presence of external hermitian-matrix auxiliary elds has
the form
LQCD(s; p; v; a) = L0QCD + qγ(v + γ5a)q − q(s− iγ5p)q (1)
Where v, a, s and p are vectorial, axial, scalar and pseudoscalar elds. The





When v; a; p = 0 and s = M , being M the mass matrix, we obtain the
usual QCD Lagrangian, so the eective action with nite isospin chemical
potential is
LIQCD = LQCD(M; 0; 0; 0) + auJa
= LQCD(M; 0; u; 0) (3)
with a = (0; 0; I) is the third isospin component,  = 
aa=2 and u
is the 4-velocity between the observer and the thermal heat bath. This
is required to describe in a covariant way this system, where the Lorentz
invariance is broken since the thermal heath bath represents a privileged
frame of reference.
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Proceeding in the same way in the low-energy description, where only the
pion degrees of freedom are relevant, let us consider the most general chi-
ral invariant lagrangian. This lagrangian is ordered according to a series












DU = @U − i[v; U ]− ifa; Ug







B0 in the previous equation is an arbitrary constant which will be xed when
the mass is identied setting (mu+md)B0 = m
2. For SU(3), the most general




































































L = @l − @ l + i[l; l ]
R = @r − @r + i[r; r ]
l = v − a
r = v + a (7)
In SU(2), three of these operators become redundant, 3;5;8, [12] and [6].
The eective action with nite chemical potential in terms of pion degrees
of freedom has the same form as eq.3, where the dierent external elds are
dened in eq.5.
In this paper we will consider one loop corrections, up to the fourth order
in the elds, to the lagrangian O(p2) and the free part, i.e the tree level
part of O(p4) with renormalized elds. This procedure is standard [10] and
[12]. The non interacting part L4, involves higher powers in the derivatives
of the pion elds. The constants i present in L4 are known from decay and
scattering measurements. There exists a recipe how to relate these constants





















































a = 164 + 85
b = 326 + 168
c = 327 + 168 (11)
with @I  @ + iIu and ud = (mu − md)2=(mu + md)2 will be neglected.
This denition of the covariant derivative is natural according to our pre-
vious comments, since we know, [14] and [13], that the chemical potential
is introduced as the zero component of an external \gauge" eld. In the
previous expression, jj2 means +− = , and j@Ij2 = (@I)(@I)
For renormalizing with counterterms we introduce the following decomposi-
tion
Leff = LI2;tree + LIrint + LIr4;tree
= Lr + L; (12)
where in LIrint we replace m, f and the elds a by m, f, and(r)a. In LIr4;tree
we replace the factorm
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, and(r)a. This changes come

























2 + Z j@Irj2 − m2 jrj
2 (14)



























Figure 1: Propagators and counterterms
First, let us consider the thermal and density corrections to the propaga-
tor, the two-point function pion correlator. Since our calculation will be at
one loop level, we do not need the full formalism of thermo eld dynamics,
including thermal ghosts and, therefore, matrix propagators. The propaga-
tors D(k) for charged pions at the tree level will be given by an extension,
for non-vanishing chemical potential, of the well known Dolan-Jackiw prop-
agators for scalar elds [13]. Note that since there is no chemical potential




k2 −m2 + i
+ 2nB(jk  uj)(k2 −m2) (16)
D(k) =
i
k2I −m2 + i
+ 2nB(jk  uj)(k2I −m2) (17)
where kI  k − Iu and nB(x) = (ex=T − 1)−1 is the Bose-Einstein factor.
The counterterms are given by
D0(k) = i(Z0k
2 − m20) (18)
D(k) = i(Zk
2
I − m2) (19)
The propagators and corresponding counterterms are shown in Fig. 1
We have three dierent kind of vertices: V00, V0 and V , shown in Fig.2
and the corresponding Feynman rules are given below. The dashed lines

























1  p−1 + p+1  p−2 + p+2  p−1 + p+2  p−2
−2
(
p+1  p+2 + p−1  p−2
)]
(22)
The relation between counterterms and self energy corrections is shown in
Fig.3. We will use the MS-scheme, and we renormalize as usual at T = 0,
since the thermal corrections are nite.
 = 0 +  + iD (23)


















































k0nB(jk0 + I j)(k2 −m2) (26)
In these expressions q = pI  p − Iu, where p is the external momentum
carried by the particle before interacting with the thermal bath, and  is an
energy scale factor. Our inverse propagator, at the one loop level, assumes
the form
iG−1 = q2 −m2 − (q2; !; T; I) (27)
Note that ! = q  u in the previous expression, i.e ! = q0 in the frame where
the heath bath is at rest. Our prescription to x the counterterm Z is to
impose that  does not depend on q2. In this way, the inverse propagator
will take the form iG−1 = q2 − 2 I0
f2pi
! − C. This is done in order to identify
the renormalized pion masses in the next step. Having taken this criteria,
C(Z) is xed and we have





















where i = 
r
i ()− γi322 2" absorbes the divergences. The γi terms are tabu-
lated [10] & [12]. In the previous expression we can identify the mass terms
with the physical masses, since possible corrections will be of higher orders.

















is identied with the physical mass, as the dierence between m2 and m
2
will be of higher order. The pole of the propagator at zero momentum is
identied as the mass, yielding the dependence of the mass on the chemical
potential and the temperature.
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It is important to remark that radiative corrections will leave a dependence on
the chemical potential for the pion mass only for nite values of temperature.
In a strict sense, this procedure does not allow us to say nothing new for an
eventual chemical potential dependence of the masses at T = 0 (cold matter)
which is already included in L2. In this case, T = 0, we have to follow the
usual procedure, [15] and [16], of computing the minimum of the eective
potential in L2 when the chemical potential is taken into account, without
considering radiative corrections. This enables to identify a phase structure
where a non trivial vacuum appears for higher values of I , characterized
by the appearance of a condensate h−i. (The opposite occurs for negative
values of the chemical potential, where the vacuum state is a condensate h+i
for jI j > m). At T = 0 when I = m, the mass of − vanishes.
We nd the following expression for the masses of the charged pions:








− I − I
0
f 2












where m and f are the pion mass and the pion decay constant at zero
temperature and zero chemical potential. Note that our convention for the
chemical potential is contrary to the one adopted in the paper by Kogut and
Toublan [16], who extended previous results by Son and Stephanov [15]. In
Fig.4 a tridimensional picture is shown for +. For − we have the same
situation changing I ! −I .
If the chemical potential of the charged pions vanishes, i.e for symmetric
matter, at nite T we get the well known result for m(T ) due to chiral
perturbation theory [2], see also [3]. Since the chemical potential counts
n+ − n− there is no chemical potential associated to the neutral pion.
However, as we will see, due to radiative corrections to the neutral pion
propagator, its mass will acquire a non trivial chemical potential dependence
for nite values of temperature. In the approach where the minimum of
the eective potential is calculated (for nite I and T = 0), the mass of
the neutral pion remains constant. From the radiative corrections shown
9
Figure 4: m+ as function of T and I in units of m
Figure 5: Self energy corrections and counterterms for the neutral pion
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Figure 6: m0 as function of T and I in units of m
in Fig.6, we nd the following dependence on T and  for the mass of the
neutral pion








We show in Fig.6 a tridimensional picture for the behavior of the mass of the
neutral pion. Note that when I = 0, m0(T ) = m(T ).
From Fig.4 we see that that at zero temperature, we agree with the usual
prediction, m+ = m + I . In fact, at zero temperature the 
+ should
condensate when I = −m (the inverse situation occurs for −). Now,
this situation changes if temperature starts to grow. Indeed, for nite T
(> 1MeV ) the condensation occurs for some positive value of the chemical
potential. Now, for very small values of T, for example inside a neutron
star, we cannot see such eect. Concerning m+ (T ) for dierent values of the
chemical potential, we see that the mass is stable at I = 0, diminishing
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Figure 7: m+ as function of I for a xed T
Figure 8: m+ as function of T for a xed I
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for positive values of I until it vanishes (of course m
−
 (T ) has the opposite
behavior, it vanishes for negative values of I). In Fig.7 we show the mass
dependence as a function of I for dierent values of T . In Fig.8 the mass of
+ is shown as a function of T for three dierent values of I .
In order to explore the region where jI j > m, associated to a new phase
where the condensates occur, we need to redene our elds as fluctuations
around the conguration corresponding to a minima of the eective potential
in L2. Anyway, it is interesting to see that perturbative corrections are highly
non trivial with respect to the mass evolution of the pions.
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